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27. / Be gy 28, ¢ sin 66 dp

29-36. Definite integrals Evaluate the Jollowing 4,

- ’ 50-51. Integrals involving [In x gy Use a substitution 1o reduce ihe
29, f Xsinx dy 30, In2x dy Jollowing integrals 1o f Inudy, Then, evalyate the resulting integral
0 1 \
50, /cos Xn (sin x) 51. fsechln (tan x + 2)¢
T2 In2 y
31. X €O . &
/(; Cos2xdx 32 /0‘ xe'dx 52, Two methods
2

V3/2 2
3s, / sinly gy 36 / zsec z gz
1/2 2/\3

e CHAPTER 7« INTEGRATION TrcHNIQUES

SECTION 7.1 EXERCISES

Review Questions

3740, Volumes of solids Find (e volume of the solid that is
1. On which derivative rule js j ntegration by parts based? senerated whey the Tegion is revolved g5 described,
2. How would you choose the term ¢y when evaluating [y gox 37. The region bounded by f(x) = e,
using integration by parts? axes is revolved
3. How would You choose the

about the Yy-axis,

(erm u when evaluting [ x" cos oy dx  38. The region boundeq by f(x
using integration by parts?

revolved about the ¥-
4. Explain how integr

axis,
ation by parts is used to evaluate g definite 39. The region bounded by fl2) = xdnix and the x-axis on [1,6] s
integral, revolved about the X-axis,
5. For what type of integrand is integration by parts usefy]?
6.

40. The regjon bounded by £, (x) = ¢~
How would You choose i and ¢y to simplify

Basic Skills

Further Explorations
7-22. Integration by parts Evatyase the

41. Explain why or why not Determine whether th
ments are true and give an explanation or count

erexample,
a. /uv’(!x = (fudx)(/v’dx)

Jollowing integrals,

8. /x Sin 2x o x 9, /re’ dt

11. /'zsin 2xdx 12, /se"z"ds

7. /xcosxdx

10. / 2xe™ iy

‘ b. uv' dx = yy — /w:’dx
2 4y
13 / Xe™dx 14, / 0 sec’ 9 dp 15, / 2 In x dx 42-45, Reduction formulas /g, integration by paris to derive the
1 Jollowing reduction formulas,
nx
16. /x Inxdyx 17, g dx 18. /‘sin_l Xdx et
X 42, /x" gl frg R %/x"‘le"" dx forg #
a a,
19, ftan"'xdx 20. /xsec"'xdx, | B
" Asinax
43, /x COS ax dx = e ;/x""sin axdx forq #
215 fx sinxcosxdy 2, /x tan™ (x2) gy : |
i Xcosax  p
44, Asinaxdy = -2 054X ® ) P eosay dx forq #(
23-28, Repeated integration by parts £ valuate the Sollowing . . 7:
integrals. 45 flll"x(!x Sxlntye= 5 /l g ;
. % / nt oy dx
23, f €' cos x dy 24, / €™ cos 2x dy I !
. 46-49, Applying reduction formulas /s, the reduction Jormulas in
25, / sindxdx 5 6. / Bt Exercises 42_45 4, evaluate ; 4

46. X2 gy

48. /x3 Sin x dx

efinite integrals,

49, / In* x iy

. Evaluate fxln X dx

evaluating ['In y 4,
b. Evaluate

¢ Verify th

using the substitution ;; =

2
1/V3 x”and
34, f ytan™'y? dy

0

SxInx? gy using integration by parts.

at your answers (o Parts (a) and (b) are consister L

53. Logarithm base b Prove thy¢ S/ log, x dx =
1

in—bﬁ(xlnx —-x)+cC

X =1In2, and the coordinate55

) = sinx and the X-axis on [0, 7r] js

*and the X-axis on [0, In 2]
- revolved about the Jine 5 — In2,
f xte N gx?

d. Use part (c) to show that A(1,In b)

Solid of revolution Find the v
the region bounded by y
[0,7/2] is revolved about the y-

Between the sine
boundeqd by the cu
0,1].

2. Lﬂ(lnlegrals Use integration by parts to show that for m #

il m 4+ 1
‘*H?ﬂfotm =

T EEE——.

7.1 Integration by Parts 45
- Two integration methods Evaluate Jsin x cos x dix using 63. A useful integral
integration by parts. Then evaluate the integral using a a. Use integration by parts to show tha
substitution. Reconcile your answers,

tif £ is continuous

ate fcos (V'x) dx /xf’(x) dx = xf(x) — /f(-\’) dx.

by parts. b. Use part (a) to evaluate Sxe¥ dx.
7r2 -

ate fo" " sin (Vx)dx g4,

ation by parts.

Function defined as an integral Find the arc
function f(x) = ["N/In%s =1 4t on [e, €],

A family of exponentials The Curves y = yg @
figure fora = 1,2, and 3.

Combining two integration methods Evalu
using a substitution followed by integration

Combining two integration methods Evalu

Integrating inverse functions
using a substitution followed by integ:

a. Lety = f!(x), which means x = S(v) and gx =

length of the Show that
Jriwa= [yroya,

b. Use the result of Exercise 63 to show that

f'(v)ay.

are shown in the

a. Find the area of the region bounded by ¥ = xe " and the
x-axis on the interval [0, 4]

ff‘l(X) dx = yf(y) - ff(y} dy.
b. Find the area of the region bounde

dbyy = xe™ and the ¢ Use the result of part (b) to evaluate
x-axis on the interval [0,4], where ¢ > 0. result in terms of x),

¢. Find the area of the region bounded by y = yo o and the d. Use the result of part (b) to evaluate Ssin™ x dx.

x-axis on the interval [0, b]. Because this area depends on e. Use the result of part (b) to evaluate [tan™ x iy
aand b, we call it A(a, b),wherea > O and p > 0.

SInxdx (express the

= 44(2, (Inb)/2). 65. Integral of sec? x Use integration by parts to show that
€. Does this pattern continue? I it true that i i 2 lsec S i —
A(LInb) = a’A(a, (In b)/a)? 2 9
y T 66. Two useful exponential inte
r H = yp—ax
04 (Family y = xemex )

grals Use integration by parts to

derive the following formulas for real numbers ¢ and p,

fe”“ sin bx dx
fe‘” cos bx dx

Applications
167. Oscillator displacements Suppose an oscillator (such as a pendu-

lum or a mass on a spring) that is slowed by friction has the posi-
tion function s(1) = ¢ gin .

e (asinbx — pcos bx)
0.3

Fi
at + p?

1l

0.2

e (acos bx + bsin bx)
T —————+C
a + p?

Il

olume of the solid generated when

a. Graph the position function. At what times does the oscillator
= COs x ayd the x-axis on the interval pass through the position s = 7
axis.

b. Find the average value of th
and inverse sine Find the area of

the region ¢ Generalize part (b) and fi
I'VeS y = sin x and y=

€ position on the interyal [0, 7].
sin™' x on the interval

nd the average value of the position
on the interval [nar, (n + D] forn = 0, s 2,

d. Leta, be the absolute value of the average position on the in-
tervals [nar, (n + Dm]forn=0,1,2,.... Describe the
Comparing volumes Let R be the region bounded by y = gin x pattern in the numbers A 8
and the x-axis o, the interval [0, 7r]. Which is greater, the vol-
me of the so]j generated when R

is revolved about the x-axis

Volume of (he solid generated when g is revolved about

Additional Exercises
Y-axis?

dx . '
68. Find the error Suppose you evaluate / ;. using integration by
=1 parts. Withu = 1/x and gy = dx, you fi
v = Xx,and
it
m + 1)

dx 1 1 _ dx
1; 7=(;)xﬁfx(-ﬁ)dx—l+/‘x.
In x

1
L dx==In?y 4
X 2

nd that du = —1/22 gy,

Yl
nx dy = (ln X

You conclude that 0 = |, Explain the problem with (he calculation.
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69. Proof without words Explain how the diagram in the figure illus-
trates integration by parts for definite integrals.

70.

.

u=f(v)
v = g(u)

>

O p=f@  q=f& *

Glea ofA + Aled ofB qs =, pr)

An identity Show that if / and g have continuous second deriva-

tives and f(0)

Possible and impossible integrals Let 7,

= f(1) = g(0) = g(1) = 0, then

1 |
L Fregtads = A (98" (3) .

f X dx, where n

is a nonnegative integer.

a.

- | i
1y = f e " dx cannot be expressed in terms of elementary
functions. Evaluate /.

b. Use integration by parts to evaluate /.

e,

. Show that, in general, if n is odd, then I, = —% A

Use integration by parts and the result of part (b) to evaluate /s.
2

e pn—l(x)a

where p,_; is an even polynomial of degree n — 1.

Argue that if n is even, then I, cannot be expressed in terms of
clementary functions.

/.2 Trigonometric Integrals

At the moment, our inventory of integrals involving trigonometric functions is ra
limited. For example, we can integrate sin ax and cos ax, where @ is a constant, but il
ing from the list are integrals of tan ax, cot ax, sec ax, and csc ax. It turns out that integf
of powers of trigonometric functions, such as ['cos’ x dx and [ cos? x sin* x dx, are
important. The goal of this section is to develop techniques for integrating inte '
volving trigonometric functions. These techniques are indispensable when we use
metric substitutions in the next section.

Integrating Powers of sin x and cos x

Two strategies are employed when evaluating integrals of the form f sin” ¥4
f cos” x dx, where m and n are positive integers. Both use trigonometric ldﬁﬂ
recast the integrand, as shown in the first example.

72. Looking ahead (to Chapter 9) Suppose that a function f has de-

rivatives of all orders near x = 0. By the Fundamental Theorem

of Calculus,

£(x) - £(0) = / F)a

a. Evaluate the integral using integration by parts to show that

£ = £(0) + xF(0) + £ £ - 1) di

b. Show (by observing a pattern or using induction) that by i mte-

grating by parts n times,

J5) = F(0) + xf/(0) + 022 7(0) + -+

+L!f SO (x — ey dr + -
n: Jo

This expression, called the Taylor series for f at x = 0, is
revisited in Chapter 9.

QUICK CHECK ANSWERS |

1. Letu = xand dv = cos x dx.
d

2. E(xlnx — S €)= 10 %

3. Integration by parts must be applied five times.

1
= sap(n)
W '’ F00)

Pythagorean identities:

cos?x + sinx =1

1 + tan® x = sec’ x

cot’x + 1 = csc?x

* Use the phrase “sine is minus” to
remember that a minus sign is associated
with the half-angle formula for sin® x,

while a positive sign is used for cos® x.

7.2 Trigonometric Integrals 461

EXAMPLE 1 Powers of sine or cosine Evaluate the following integrals.
a. [cos’xdx b. [sin® xdx
SOLUTION

a. Integrals involving odd powers of cos x (or sin x) are most easily evaluated by splitting
off a single factor of cos x (or sin x). In this case, we rewrite cos® x as cos* x * cos x.
Now, cos* x can be written in terms of sin x using the identity cos®> x = 1 — sin® x.
The result is an‘integrand that readily yields to the substitution u = sin x:

fcossxdx = /cos“x-cosxdx

f(l — sin® x)?+ cos x dx
/(1 - u2)2 du Let u = sinx;du = cosx dx.

f(l — 2u® + u") du

2 1
u—-3-u3+gu5+c

Split off cos x.

Pythagorean identity

Il

Expand.

Integrate.

Il

1 o
sinx — ESiHSX + gsinsx + C Replace u with sin x.

b. With even powers of sin x or cos x, we use the half-angle formulas

1 — cos2x 3 1 + cos2x
———— and cosx = ———

2 2

to reduce the powers in the integrand:

_— 3 2
/sin“xdx = f(———l s x) dx
e 2 o

5 )
sin” x

sin®x =

Half-angle formula

= if(l — 2¢co82x + c0522x) dx Expand the integrand.

Using the half-angle formula again for cos” 2, the evaluation may be completed:

+
fsin" xdx = if(l — 2cos2x + I—%OS"EC) dx Half-angle formula
cos’ 2x
- (3 2 2x0F . cos 4 )dx Simplify
= i - — 4CO8 X = X " &
4 2 2
B 1 1 )
=— — —sin2x + —sin4x + C Evaluate the integrals.
8 4 32

Related Exercises 9-12 <

QUICK CHECK 1 Evaluate ['sin® x dx by splitting off a factor of sin x, rewriting sin” x in
terms of cos x, and using an appropriate u-substitution.




